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Abstract

We report progress in constructing Boltzmann weights for integrable three-
dimensional lattice spin models. We show that a large class of vertex
solutions to the modified tetrahedron equation (MTE) can be conveniently
parametrized in terms of Nth roots of theta functions on the Jacobian of
a compact algebraic curve. Fay’s identity guarantees the Fermat relations
and the classical equations of motion for the parameters determining the
Boltzmann weights. Our parametrization allows us to write a simple formula
for fused Boltzmann weights 93 which describe the partition function of an
arbitrary open box and which also obey the modified tetrahedron equation.
Imposing periodic boundary conditions we observe that the A satisfy the normal
tetrahedron equation. The scheme described contains the Zamolodchikov—
Baxter—Bazhanov model and the chessboard model as special cases.

PACS numbers: 05.45.—a, 05.50.+q
Mathematics Subject Classification: 82B23, 70H06

Introduction

The tetrahedron equation is the three-dimensional generalization of the Yang—Baxter equation
which guarantees the existence of commuting transfer matrices. The importance of Yang—
Baxter equations for modern mathematics and mathematical physics is well known. However,
the nature of the tetrahedron equation is much less understood, mainly because it is a much
more complicated equation.
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Given the physical interest in understanding the nature of the singularities which give rise
to 3D phase transitions, any effort which gets us closer to analytic results for 3D statistical
systems seems worthwhile. What has been achieved recently is to construct large classes
of 3D solvable models with Zy-spin variables and to streamline the otherwise complicated
formalism. Much more work is needed to find analytic results for partition functions and order
parameters. The only available result from Baxter [26] does not lend itself to generalizations.

The first solution of the tetrahedron equation was obtained in 1980 by Zamolodchikov
[1, 2] and then generalized by Baxter and Bazhanov [3] (ZBB model) and others [4]. These
models have Zy-spin variables and solve the IRC (interaction round a cube) version of the
tetrahedron equation. Later the solution of the dual equation, the vertex tetrahedron equation,
was also obtained [5], generalizing several vertex solutions known previously [6, 7]. Here we
shall consider only vertex-type solutions, which are usually denoted by R, the symmetry will
include a Zy. In general these R-matrices obey the so-called ‘simple modified tetrahedron
equation” which has recently been investigated in [9]. The modified tetrahedron equation
(MTE) allows us to obtain the ordinary tetrahedron equation for composite weights or vertices.
In the IRC formulation this has been shown in [10, 11], while the most simple vertex case was
considered in [12].

In this paper we shall introduce a new convenient theta-function parametrization of general
R operators. This parametrization will allow us to define fused weights R, which are partition
functions of open cubes of size M>, and which obey a MTE. In special cases the 9% solve an
ordinary tetrahedron equation.

The vertex matrix B € End ((C3N Mz) is parametrized in terms of Nth roots of theta
functions on the Jacobian of a genus g = (M — 1)? compact algebraic curve I',. The divisors
of three meromorphic functions on I', play the role of the spectral parameters for R. An
additional parameter of R is an arbitrary v € Jac(I'g). The tetrahedron equation for 2R holds
due to M* simple modified tetrahedron equations. In the case when M = 1 and therefore
I'y = S5, the solution of the simple tetrahedron equation of [5] is reproduced.

This paper is organized as follows. In section 1 we recall the vertex formulation of the
3D integrable ZBB model and sketch the derivation of the matrix operator R;;x from a current
conservation principle and Z-invariance. It satisfies the MTE and can be parametrized by
quadrangle line sections. In section 2 we introduce the parametrization of R;j; in terms of
theta functions. The Fermat relation and the Hirota equations are written as Fay identities. In
section 3 we show that a theta-function parametrization allows a compact formulation of the
fusion of many R;j; to the Boltzmann weight R of a whole open cube which satisfies a MTE.
In section 4 we first consider the special case of vanishing Jacobi transforms, in which R
satisfies a simple TE, then we discuss the rational case and the relation to chessboard models.
Finally, section 5 summarizes our conclusions.

1. The R-matrix and its parametrization
In this first section we give a short summary of basic previous results which also serves to fix

the notation.

1.1. The R-matrix of the vertex ZBB model

We start recalling the vertex formulation of the ZBB model [S]. We consider a three-
dimensional lattice with the elementary cell defined by three non-coplanar vectors e;, e;, €3



Fusion for 3D integrable Boltzmann weights 1161

and general vertices
n=mne; +nye +nszes ny,no,n3 € 2. (1)

We label the directed link along e; starting from n by (j, n). On these links there are spin
variables o; , which take values in Zy. The partition function is defined by

Z = Z 1_[ (U],n7 02 n+e; s US,n’R’O'l,n+e1 » 02.n, O'3,n+eg> (2)
{o} n

where R is an operator (which in the ZBB model is independent of n) mapping the initial three
spin variables to the three final ones, so that

Roioe = (01, 02, 03[Rlo]. 03, o) (3)
isa N3 x N3 matrix.

For the vertex ZBB model, (3) can be expressed as a kind of cross-ratio of four cyclic

functions Wy(n). Introduce a two component vector p = (x, y) which is restricted to the
Fermat curve

xN +yN = 1. “)
Then define the function W, (n) by
n
y
W,(0) =1 w = fi 0 5
»(0) (1) El—q"x or n> 5)
where
g = eZ?Ti/N (6)

is the primitive Nth root of unity. Because of the Fermat curve restriction, W, (n) is cyclic
in n:
W,(n+N) =W,(n).
Now R = R(p1, p2, p3, psa) is defined by the following matrix function depending on four
Fermat points py, p2, p3, pa:
01,030} def /oo Wpi (02 — o)W, (05 — 07)

Ro\oro; = 6 vo! 7
01,02,03 (72+a3,02+03q Wm (0_2, _ Ul)Wm (02 — O_l/) ( )

where x-coordinates of four Fermat curve points in (7) are identically related by
X[ Xy = qX3Xy4. 8)

. o/ ,0,,0)
So the matrix elements R, o;.5: depend on three complex numbers. These correspond to

Zamolodchikov’s spherical angles in the IRC formulation of the ZBB model [5]. The structure
of the indices of the matrix (7) allows one to consider R as the operator acting in the tensor
product of three vector spaces
y=CV ReEnd(V@V®)V). 9)

It is conventional to enumerate naturally the components of the tensor product of several vector
spaces, so that (7) are the matrix elements of R = Rjy3. Of course, Rj»3 acts trivially on all
other vector spaces if one considers V®* for some arbitrary A.

Equation (7) is known as the R-matrix of the Zamolodchikov—Bazhanov—Baxter model,
see [5]. The proof that (7) satisfies the tetrahedron equation

S RIEP OV REE (PO RE I (p) RES (p®)

Jiiais J2Jale J3JsJe

i3isi6 i2i4 jo i1jajs Ji2J3

— Z Rjzjsj5 (p(4))Rjzj4ko (p(3))Rj|k4k5 (p(Z))R/flkzkz (p(l)) (10)

is rather tedious [5]. In (10) the arguments p/) (j = 1,...,4) stand for four Fermat curve
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Figure 1. The six links of the basic lattice intersecting in the vertex A, intersected by auxiliary
planes (shaded) in two different positions: the first passing through to, tv,, tv3 and the second
through wf, 1), ro}. The second position is obtained from the first by moving the auxiliary plane
parallel through the vertex A. The Weyl variables, elements of tv;, m;, live on the links of the
basic lattice. R maps the left auxiliary triangle onto the upper right one.

Y Ri23 Y

C3

z&

(6]

by

Figure 2. The canonical invertible mapping R 123 shown in the auxiliary planes passing through the
incoming (left) and outgoing (right) dynamic variables which are elements of tv;, respectively 1.
The directed lines X, Y, Z are the intersections of the three planes forming the vertex A of figure 1.
Their sections are labelled by the line-section parameters by, ..., d3. Note that the choice of the
orientation of the lines is not unique. The orientation chosen here corresponds to the numbering
(44) and (45) of the fused vertex considered in section 3.

points ( pij ), péj ), péj ), pf‘j )) each. These 16 points depend on five independent parameters
expressed in terms of spherical angles, see [5]. Note that here on the left- and right-hand sides
the same p'/) appear. This will not be the case in the generalizations which will be discussed
soon.

Baxter and Forrester [19] have studied whether this model describes phase transitions.
They used variational and numerical methods and found strong evidence that for the parameter
values for which (10) is satisfied, the ZBB model is just at criticality [19]. So, in order to
get a chance to describe phase transitions while staying integrable (recall that this is also a
problem for the 2D Potts model), one should enlarge the framework and define more general
Boltzmann weights and introduce less restrictive tetrahedron equations. Less restrictive and
still powerful generalized equations can be used, as shown by Mangazeev and Stroganov [10]:
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they introduced modified tetrahedron equations which guarantee commuting layer-to-layer
transfer matrices. Further work along this line has been done in [11, 12].

1.2. R-matrix satisfying the modified tetrahedron equation

Since in the above-mentioned work [5] the proof that particular Boltzmann weights satisfy
a particular MTE has been rather tedious, here we shall follow the approach introduced in
[21] in which there is no need for an explicit check of the MTE. The Boltzmann weights
are constructed from ‘physical’ principles which guarantee the validity of the MTE and
nevertheless leave much freedom to obtain a broad class of integrable 3D models. We give a
short summary of the argument.

One starts with an oriented 3D basic lattice. The dynamic variables living on the links
i of this lattice are taken to be elements u;, w; € w; an ultralocal Weyl algebra v = ) tv;
at the primitive Nth root of unity: u;w; = q%w ju; (g as in equation (6)), which generalize
the Z y-spin variables of (2) and (3). The Weyl elements are represented by standard N x N
raising respectively diagonal matrices. The Nth powers of the Weyl variables are centres of
the algebra and so are scalar variables.

The main object constructed is an invertible canonical mapping R;jx in the space of
a triple Weyl algebra. R;;; operates at the vertices of the 3D lattice, mapping the three
Weyl elements on the ‘incoming’ links onto those on the ‘outgoing’ links, see figure 1. The
construction of R;j; is based on two postulates, a Kirchhoff-like current conservation and a
Baxter Z-invariance, and gives a unique explicit result: a canonical and invertible rational

mapping operator. Since ¢ is a root of unity, R;;x decomposes into a matrix conjugation R; jx,

and a purely functional mapping Rl(jfk) which acts on the scalar parameters (the Weyl centres).

So, for any rational function & on to:
Rizs o @ = Rz (R} 0 ®)RL. (11)

It turns out that the matrix R;j; has the form (7) where the four Fermat curve parameters, again
constrained by (8), are rational functions of the scalar Weyl centre parameters.

Next consider an auxiliary plane which cuts the three incoming links near a vertex, and
a second auxiliary plane cutting through the outgoing links, see figure 1. We take the six
Weyl dynamic variables to sit on the six intersection points of the auxiliary planes. R 23 can
be regarded as the mapping of the ingoing auxiliary plane to the parallel shifted outgoing
auxiliary plane.

Now consider the vertices of the basic lattice to be formed as the intersection points of
three sets of non-parallel planes. The three planes which form the vertex A of figure 1 intersect
the auxiliary planes in the lines X, Y, Z shown in figure 2. In figure 1 these intersection lines
are the sides of the shaded triangles. Seen from the moving auxiliary plane, R 3 shifts the
line X through the vertex with index 1 or Y through the vertex 2 etc. We attach variables
b1, by, ..., ds to each section of the lines X, Y, Z as shown in figure 2.

It is convenient to parametrize the two scalar variables associated with the incoming
dynamic Weyl variable tv; (corresponding to u} and w? in the usual notation) by the ratios
c)/cy and d/d). Analogously, e.g., those for ) are defined as b{/b5" and d}/d} etc.
Details of the rule to parametrize the scalar variables in terms of ‘line-section’ variables
b1, ..., ds etc are explained in [9]. However, these will not be essential here, since one of the
aims of this paper is to introduce and use another parametrization. Observe in figure 2 that
Rg% changes only three of the line-section parameters: b,, ¢, d>. From the explicit form of
the canonical operator R 3 (see [9]) one finds that the functional mapping R is rational in
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the Nth powers of the line sections:

NN N , 1N N N NN .N N
by cydy +b5cid;y +k b3 ¢y ds

b/N:
2 NN
X
NN NN . NN NN . N, NN NN
W ki byeydy +k3bycsdy + Ky Ky bycyd, 12
G = NN N (12)
Ky by dy
N.NJN . ;N NN o NN NN
JN = bycidy +byci'dy +x5'by ¢y d,
2T b N '
X%

Here x4, k2, k3 are fixed parameters (‘coupling constants’) of the mapping R »3. One can show
[9] that in the line-section parametrization the three independent Fermat curve parameters
which determine Ri,3 according to (7) and (8) are

b203 K2b1C’2 b16‘3
— )C3 = .
Vb

If we define a partition function in analogy to (2), the matrix elements of R;;; take the role
of generalized (because generically they will be complex) Boltzmann weights of integrable
3D lattice models of statistical mechanics. Despite their non-positivity we shall just call these
matrix elements ‘Boltzmann weights’.

Via the physical assumptions made in constructing R;jx, the validity of the TE is already
built in. Simply considering two different sequences of Z-invariance shifts in a geometric
figure formed by four intersecting straight lines (‘quadrangle’), one concludes that (see, e.g.,

(9D

X1 = (13)

= Xy = y
K1bzcn bycy

Ri123 - Ri4s - Roas - Rase ~ Rase - Roas - Rias - Ri23 (14)

i.e. R;j satisfies the tetrahedron equation. Inserting (11) into (14) and choosing various phases
of Nth roots (the Fermat points (13) involve by, ..., whereas the (12) relate b, .. .) leads to
the MTE for the matrix operator R; j;:

f) () N () (f)
Rizs - (Rm © R145) ’ ( 123R 45 © R246) : ( 123R145Roug © R356)
~ Riss - (Riky o Rass) - (RYGRYS 0 Russ) - (RIGRSGRIL oRizs).  (19)

Via the Fermat points each R;;; depends on several scalar variables, see, e.g., (13). In (15)
the scalar variables which appear in the matrices R;j are to be transformed by the functional

transformations Rl(jfk) as indicated. Let us write shorthand

RO =Ry R® = RY), o Ryss R® = RIRY o Rasg
R = R{RSRY o Rass RO = RERYGRYL o Rz
R(ﬁ) = RggéRgé e} R145 R(7) = Rgéé o R246 R(g) = R356.

(16)

Then the MTE (15) can be written compactly as
RORPROR® — pR(8)R(7)R(6)R(5) (17)

where each RY) acts non-trivially in only three of the six spaces V = C". p is a scalar density
factor which appears when passing from mappings to matrix equations.
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The parameters which determine the R/ are the corresponding Fermat curve coordinates.
Taking into account the functional transformations in (16) in terms of the line-section
parameters one finds (for full details see [9]): RY) = R(xfj ), xé’ ), xé’ )) with

bycs KZbIC,Z bicy
1 1 1 7 72p
)C( ) xé ) X3( ) K1b3/L‘2 b2CIH q b?cz
ac, KaaiCy aic,
@ X P Kiascy a;co q'2ajc;
1 2 3
—1/2 : : :
o =g : : : . (18)
N NG wby  kalp] _a bw
X Xy -x3 kaazby tl;[bi q'%a bz
®) 8) 8) i
X7 Xy X3 aiby  Ksaoby aghy
k3arby boa'lr q'2alb,

The once or multiply transformed parameters such as c¢{ bT follow from the iteration of
equations such as (12). Altogether, since there are eight matrices RV appearing in the MTEs,
and as seen in figure 2, each transformation changes three line-section parameters, we have
24 equations for 32 different line-section parameters (these parameters can be seen in table 1).
These form a set of classical integrable equations which are conveniently written in Hirota
form:

/N NJN _ 3N N N 1N N N N
by ¢,y dy, =bycid, +bzc3d3 + K} b ¢y dy
NN N N _ N, N NN N
kN by NAY = kN bl N al + kbl N al + kN bl ¢y d]
YA aN =bYeNdY +bYeYdY +icd b ey dY
aNeVal =alcNdY +aY N dN +iclNal el dyY

/Q{Va2 clNdN _/cl as COdN+K5 a, cNdO +/cl K5 a3 ) do

/"IN
aYeVaN =al el dN +alclal +«k¥alclal
MmN pN /N N N //N
aVoYdN = al' by N +dYal by + i)' d by

Ny/mN yyN _ N //N "N /N 1. N 3/'N
NoyN N = kbl aiN N + kY al bV aN + i il aiN bl d; (19)

al'bYadyN = bl aYal +al’ by dN +«lalbYaN

///N /N 1IN
b2 AV =bYaj +bY Y ayN + iy al e by
N
»N . Y IN _ N _Njp/mN //N /"N IN /N
by ¢ =«k3a3b 62 +/c6b3 )€ +/c3/c6a3b2 c
N
b/ZNCjzﬁ — C3 //Nb///N + ai//Nbllr/ch + I( ai”Nb/N /IIN

b///N ]‘NdﬁN — bN mNdrN-FbJ{NC;ﬁNd;HN + k! b;rNCINdWN

NN N AN = i N DIV a4 i N aV bV ST NN al b el
bi¥eNarh = bV dl™ + b dl™ + kbl al o}
f)

The first three of these equations are just (12), defining R 33, i.e. b5, ¢, d;", in terms of the
unprimed by, ..., d;. The first six equations together (e.g., expressed in the fourth equation
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on the right-hand side C’ZN and déN from the first and third equations) define Rgg o Ri‘g, etc.
The complete expressions for (18) and (19) can be found in [9].

Straightforward combination of the first 12 equations of (19) on one hand, and of the last
12 equations of (19) on the other hand (best done, e.g., by Maple), shows that the functional
mappings given in (19) automatically satisfy the functional TE:

) o) ) o) ) o) ) )
R123 ’ 73’145 : 7?’246 ’ 7?’356 = R356 : 7?'246 ’ 7?’145 : 73’123 (20)

where for the superposition of two operators acting on a function ® we use the notation

((A-B)- D) o (A - (B-®)). Of course, the validity of (20) is a consequence of the

physical rules used when constructing R;jx. In the line-section parametrization the relation
between the first, second etc lines in both (18) and (19) is not transparent. Introducing a new
parametrization in the next subsection will make these relations simple and explicit.

2. Parametrization using concepts of algebraic geometry

2.1. Theta functions

It is well known [14-18] that Hirota-type equations can be identically satisfied by a
parametrization in terms of theta functions on an algebraic curve. We shall now introduce
such a parametrization in order to write (18) and (19) in a more systematic way. This will
be also useful later to formulate fusion in a transparent manner. For the notation of algebraic
geometry see, e.g., [13].

Let I'y be an abstract generic algebraic curve of the genus g with w being the canonical
g-dimensional vector of the homomorphic differentials. For any two points X, Y € I', let
I} : T} > Jac(I'y) be

x def X
R @1)
Y

Let further E(X, Y) = —E(Y, X) be the prime form on F;, and O (v) be the theta function on
Jac(I'g).

It is well known that the theta functions on the Jacobian of an algebraic curve obey the
Fay identity

E(A, BYE(D, C)
E(A,C)E(D, B)
E(A, D)E(C, B)

. A c
O+ IO +15) L (22)

OWO(v+If+15) = O(v+15)0(v+I15)

which involves four points A, B,C,D € I'y, and a v € Jac(I'y). We shall show that in
the parametrization to be introduced below, the Fermat relations become just Fay identities.
The Fay identity involves only cross-ratios of prime forms, and these ratios have a simple
expression in terms of non-singular odd characteristic theta functions:

|:X X/:| dif E(X7 Y)E(X/, Y/) _ ®€odd (I§)®€(vdd (I?’) (23)

Y Y] EXY)EX.Y) 0.,0%)0.,(0%)

For solving the 24 trilinear equations (19) we shall need an identity with more arguments
0.X,Y,Y',Z, 7' €T, obtained by combining two Fay identities:
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OV+I)O(V+IZ+IZ)O(V+IS +1))

—O(V+I¢+1£)0(v+12)O(v+IS +1}) [)Z( ZY]

0, v 0 17 o\ |X Z
_@(V+IX+1Y)®(V+IY+IZ)@(V+12)[Y z
+®(v+1§~§+1§’+1§’)@(v+18)®(v+1§)[}Zf ;] [); ﬂ:o. (24)

Furthermore, since we will need the Nth roots of theta functions and prime forms, we also
define e(X, Y) and 6(v) by

eX, V)V =0, (If) ~ E(X.,Y) oW)N = O®w). (25)
Since in the following we shall have to write many equations involving theta functions, it is
convenient to introduce special abbreviations. For Q, A, By, B{, ... € I'y we define:
— 0 B’ —
(A,Bi+By+---+B,) =0 V+IA+ZIB/ (A, B) = E(A, B)
j=1

n (26)
_ 0 By’
[A,Bi+By+---+B,] =0 | v+I} +ZIB/
j=1
{A,B}=—q '?e(A,B')/e(A,B)  {A,B}=—e(A',B)/e(A, B).
Note that the brackets (, ) and [, ] introduced here do not show explicitly the dependence on

the variables v, O, Bj, ..., B}, since these always come in the same form. We also introduce,
using this notation:

F(v; X,Y.Y, 7, 27) &f X)), Z)(Z, Y)Y, Z)(X, Z'){(X, Y

- (X, 2)YNZ, Y )X, Z)(Y, Z') (X, Y')
- XN, 2)(ZNX, Y)Y, Z(X, Z')
+ (X, Y+ 2)(Y)Z){X, Z{X, Y)Y, Z) 27
so that the double-Fay identity (24) is
F(v;X,Y,Y,Z',Z)=0. (28)

The dependence on Q is trivial since it appears only in the combination v +I¢. So Q is not an
independent variable.

2.2. Re-parametrization of R

Let us introduce the new parametrization of the matrix (7). As we illustrated in figure 2, in
the auxiliary plane the mapping RR|,3 can be considered as a relative shift of three directed
lines X, Y, Z with respect to each other. Now, for the given algebraic curve I'; and v € C#, we
introduce three pairs of points on I':

X', X,Y,Y,Z ZeT,. (29)
Another point Q € I', will just serve as a trivial normalization. Then let

R=R(pi, p2.p3,ps) < R=RWV;X.X;Y.Y;Z, 2Z) (30)
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with, using the shorthand notations (26) and p; = (x;, y;),

_1{X,Z} [X.Y][Y. Z] _e(Z,Z)e(X,Y) [Z,Y]0(v +1¢ +1%)
A Tq Y, ZYIX, Y + Z][Y] N=oX, 2)e(Y, 7)) [X.Y +ZI[Y]

X, ZY XY, X + Z] _ e(Z,Z)e(X'.Y)[Z, X16(V + 12 +1%)
27y, 21 X, ZIIY. X] Y2 =4 X e, Z) X, ZI[Y. X] an

_L{X, Z} [X][Y, Z] ez, 2)eX, V) [210(v+17 +15)

BT 2y X, 200 BT X, 2y, 2y X, ZIIY]

(X, ZY XYY, X + Z] _e(Z,Z)e(X', Y [Z, X+Y10(v + 19 +1%)
MW 2V X Y + ZIY, X] W= oX 2)e(Y. Z) (X, Y+Z][Y. X]
Actually, see (5), for defining Rj,3 we do not need the y; themselves but only the ratios

3 _ (Y.Z}[Z]X. Y +Z]
v XYY X, 212, ¥
v XYV Z,X+YIY] )

o (X.Z) 1Z,Y1IY, X]
3 {X, Z} [Z]1Y, X]
» (X, Y}I[YIlZ, X]
from which e(Z, Z') and 6 (v + Ig + I,Z() drop out.

Note that for this parametrization we used a generic algebraic curve and generic points on
this curve, and a generic point on its Jacobian, all in order to parametrize just three independent
complex numbers xi, x5, x3. In (31) all x4, y; are the periodical functions of v € Jac(I',).

The parametrization (31) is suggested by a few assumptions: first, the prime forms shall
appear in the x; only in the form of Nth roots of (23):

x.zy [x vy

v,z |z 7
Second, considering (13), we demand that the line-section parameters by, by, b3, b’2 (sections
of the line X in figure 2) should be proportional to Nth roots of theta functions of the form
[X,...] defined in (26). Analogously, the sections cy, ..., ¢, of the line Y are assumed to be
proportional to [V, .. .]. Finally, we consider that we want to use Fay identities to provide the
Fermat relations and the Hirota equations.

The merit of this parametrization will be seen in several places: when we consider the
transformed mappings R@, ..., R©® when we re-write equations (19) and when we construct
composite weights in section 3.

We must now verify that (31), and its generalization to the other Fermat points in the
MTE, give a consistent parametrization of the relevant equations (4), (18) and (19). We first
check that (31) satisfies the Fermat relations

Nyl =1 (34)
Indeed, these are true due to the Fay identity, which for A, B, C, D € I', we write as
—(A,C){(D, BYOW)O(v+1I5 +1I5) + (A, B)(D, C)O(v +I)O(v +15)

+(A, D)(C, B)O(v+13)0(v+If) =0. (35)
For j = 1putin(35) (A,B,C,D) — (Y, X,Z',Z)andv — V' = V+I$, giving
(Z XY Z)DX, Y +2) =(Z, Z) (Y, X)Z, O +1§)

- (Z/’ X><Y,7 Z)(X7 Y)(Y7 Z) =0

(33)
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Figure 3. Quadrangle in the auxiliary plane formed by the directed intersection lines of four
oriented lattice planes. The six spaces V in which the MTE operates are considered to be located
at the six intersection points.

for j =2 putin 35) (A, B,C,D) —» (X', Y,Z',Z) andv — V' = v+IQ, giving
(Z' YNX', Z)Y, X)X, Z) —(Z, Y)Y X', ZYX)(Y, X + Z)
+(Z, Z' WX, YN(Z, X)O(V +IF) =0
for j =3 putin (35) (A, B,C,D) — (Z,X,Z'.Y)and v — v* = v +1%:
(X, Z') Y, Z)(X)(Y, Z) — (X, Z)(Y, Z')(Y)(X, Z)
+(Z, ZVX, YN 2)O(v+IP +15) =0

or (X, Z)W(Y, Z)O (V' +1£)O(v' +1f ) — (X, Z)(Y, Z')O(v' + I})O (v + 1% )
+(Z, Z)(X, V)OWHO (v +14 +1f) = 0.
For j =4 putin(35) (A,B,C,D) — (Y, Z, X', Z'),v —> v* = V+I)Q( +I%'.

2.3. Line-section parameters and Hirota equations in terms of theta functions

For writing the MTE in our new parametrization and to check (18) and (19), we consider three
more spaces V = CV, corresponding to the indices 4, 5, 6. In figure 2 the first three spaces
were located at the intersection points of the lines X, Y, Z. To include the other three spaces,
consider the ‘quadrangle’ formed by four lines shown in figure 3. Corresponding to the new
line U we introduce another pair of points U’, U € T'y.

Looking at figure 3 we see that, instead of labelling the spaces by the vertices 1, ..., 6 of
the quadrangle, we can also label them by the pair of lines which intersect in these vertices,
so identifying
1~Yz 2 ~XZ 3~ XY 4 ~UZ 5~ UY 6 ~ UX. (36)

Note that the ordering of the lines is important for the identification (36): we shall choose the
anti-clockwise orientation in figure 3, not the mirror reflected clockwise orientation.

Next we assume that we can write the ‘coupling constants’ «; all in the form (33). Then
from (36) it is suggested to build, e.g., x; from the points Y’, Y, Z’, Z only, etc and put (factors

q'/? are inserted to produce correct signs when forming Nth powers for (19)):
Y.Z X',z XY
K1 = 1/2{ 9 } IC2= ]/2{ ’ } IC3: ]/2{ ’ }
Y, Z} {X.7Z} {X,7} 37
U,z U,y U, X
Ky = 1/2{ ) e — 1/2{ } r — 1/2{ }

(U, 7} ; (U, v} ° U, X}
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Table 1. The 32 line-section parameters appearing in equations (19), expressed in terms of theta
functions and prime factor ratios, using the abbreviations (26). Observe that in the prime factor
brackets {, } the points come always in the order U, X, Y, Z (without and with primes).

ap = [UNU, X}{U, YH{U, Z} by = [X]{X, V}{X, Z}{U, X}
a1 = U, X){U, Y{U, Z} by = [X, YI{X, Z{T, X}

a} =[U, YI{U, Z}{U, X} by =X, ZI{X, YH{U, X}
a =all = [U, ZWU, X}{U, Y} by = [X, UNX, YHX, Z}

@ =[U,X+Y{U, Z} by = [X.Y + Z)(T, X}

af =al = (U, Y+ Z){U, X} by = bl =[X,U+ZI{X, Y}
a =[U,X +Z|U, Y} bl =[X,U+YNX, Z}

a3 =[U,X+Y +Z] b =b! = [X,U+Y +7]
o =[YI{Y, Z}{U, YHX, V) dy = [Z{U, Z{X, ZHY, Z}
¢l =Y. Uy, Z}{(X. Y} 4y = dlfl = [z, UN(X, Z){Y. Z)
o3 =Y, ZI{U, T}{X, ¥} dy =2, XY, Z{U, Z}

¢l = Y, X1{Y, Z}{U, ¥) d =2, YI(U, Z}(X, Z)
co=1[Y.U+XI{Y, Z} d/ =d =[2,U+XI{Y, Z}
M= =Y, Z+UIXY}) & =2 X+Y){U, Z)

¢, =Y, X +Z|{U, Y} dl =(2,U+Y)(X,Z)

I =c =Y, Z+U+X] do=1[Z,U+X+7Y]

Now we consider (31) and (37) and assume that the line-section parameters ao, @i, ...
and dj, d;, ... follow the same scheme as postulated for by, ..., co, ... above after (33):
a; ~[U,...1,d; ~[Z,...]. Soequations (18) lead us to express all line-section parameters in
terms of theta functions as shown in table 1. We make ample use of the short-hand notation (26).

Apart from Q which always comes with v, we use eight arbitrary points X', X, Y’,
Y,Z',Z,U',U € I',. The k; may also be written in terms of the bare brackets using
{A, B'}{A, B} = {A, B}{A’, B}. From table 1 we see that the a; do not depend on U’, the b;
do not depend on X' etc.

Now, using the results of table 1 and (37), we shall re-write all the Hirota equations
(19) in terms of theta functions on I', and prime form cross-ratios. Not very surprisingly
in view of [14, 17, 18], it turns out that all these have the form of the double-Fay identity.
Also, as expected from figure 3, and the meaning of the mappings as moving lines within the
quadrangle, the 24 equations follow from each other by a sequence of simple substitutions.
Inserting from table 1 and (37), the first three equations of (19) become, using the notation

(27) (recall that these are equations (12) defining the functional mapping R&g):

({U. XU YWU, ZHX. YHX. Z)"Y

Fv; X, Y'Y, 7, 27) 0
EX,Y)E(X,Z)E(Y, Z)
N
F(V+IY,; Y/, )(/7 )(7 Z/, Z) ({U7 X}{Ua Y}{Us Z}) — (38)
EX,2)E(X,Y)E(Y', Z)
N
F(V, Z, Y/’ Y, X’, X) ({U’ X}{Ua Y}{U’ Z}{X7 Z}{Ya Z}) — 0

E(X,Y)E(X, Z)E(Y, Z)

The dependence on U’, U appears only in the factors on the right, not in the F. Assuming
generic points U’, U, ... we conclude that the F must vanish and we combine the essential
terms of (38) into

Fv;X,Y,Y 7' 7)
Fov+1Y: Y, X', X, 7, 2)| (39)
F(v;Z,Y.,Y, X, X)

SviX.X.v.v,7. )%
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Then the 24 Hirota equations (19) which describe the functional mappings take the form

Fv: X, X, Y.,Y,Z2,2)=0 Sv+IY: X, X, Y,Y,Z2.Z)=0
Fv+IZ; UL U Y, Y, Z,Z) =0 Sv:U,U,Y.,Y,Z',7Z)=0 40)
Sv;U U X', X,Z,Z)=0 Sv+IsUL U X'\, X,Z',Z)=0

Fv+IZ; U, U X, X, Y, Y)=0 ;U U, X', X, Y Y)=0.

The equations in the left column of (40) precisely correspond to the first 12 equations of (19).
The last three equations of (19) are combined into the top equation of the right column of (40).
As already mentioned with (20), equations (40) together contain the functional TE.

2.4. Theta-parametrization of the simple modified tetrahedron equation

Finally, we use the parametrization (31) to re-write the MTE. From (17) with (18) we
find that the functional mapping just produces a permutation of the four pairs of points
X, X',...,U, U € I'y, together with shifts in the vector v. Of course, the result corresponds
to (40). Explicitly it is:

Theorem 1. The simple modified tetrahedron equation may be parametrized in terms of I',
v € Jac(T'y) and four pairs X', X, Y'Y, 7', Z, U', U € Ty by definitions (30), (31), (18) as
follows:

RO =R(Wv; X', X;Y,¥; Z, 2) RO =R(v+IJ: X', X: V',V 7. Z)
R?® =R(v+I{; U U;Y,Y:Z', Z) RO =R(v; U, U;Y,Y:Z 2Z) @1
R® =Rv; U\ U:X',X:Z,27) R? =R(v+I}; U U; X', X; 7', Z)

R =R(v+IZ:U. U: X . X;Y.Y)  R®=RW:U.U:X.X:Y.Y).
Proof. Each R is determined by its three Fermat points xfj ), xéj ), xéj ). From [9] these
points are known in terms of the line-section parameters, see (18). Inserting the theta-function

expressions for the line sections from table 1 into (18) one finds that the xl.(j ) for j=2,...,8
are obtained from those for j = 1, equations (31), by the substitutions seen in (41). O
Using the correspondence between the labels 1, . .., 6 and the line labels U, X, Y, Z, given

in (36), R™Y = R»3 may also be labelled as R*YZ etc, and we write the MTE as
R?(v)RVYZ (v + I )RV (V)R (v + 1%)
= pRY MR (v + I} ) RVZ()RMZ (v + 1) ). (42)

This notation also indicates directly the three pairs of points on the algebraic curve which
parametrize the matrices RV in (41).

In [9] we showed that using simple re-scalings, out of the 24 line-section parameters listed
in table 1 and the six parameters ki, ..., k¢, only eight parameters are independent. Here
we have eight points on I', which can be chosen freely. In addition, 16 phases from taking
the Nth roots can be chosen freely. In terms of the line-section parameters, the choice of the
independent phases is the same as that explained in [9].

3. The fused vertex weight R

3.1. Open N1 x N, x N3 box

The natural graphical interpretation of the R-matrix is a three-dimensional vertex, i.e. the
intersection of three planes in 3D space. The six indices o, cr; are associated with the edges
of the vertex, recall figure 1.
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Figure 4. Top: three-dimensional view of the oriented cube Ny = N» = N3 = 2 (heavy lines)
which is formed by six planes (indicated by dashed lines). Bottom: the horizontal auxiliary plane
with the three pairs of lines arising from the intersection of the three pairs of planes with the
auxiliary plane. This is a generalization of figures 1 and 2: if we consider, e.g., the point (0, 1, 0)
to correspond to the point A of figure 1, then the inner triangle in the auxiliary plane corresponds to
the left shaded triangle of figure 1 and to the left part of figure 2. So the initial external spin (Weyl)
variables (44) can be considered to sit at the three times four intersection points of the auxiliary
plane. In order to get a similar picture for the final external variables we have to place the auxiliary
plane above the cube.

The next step is the consideration of the intersection of three sets of Ny, N» and Nj
parallel planes. This produces a finite open cubic lattice of the size N; x N, x N3. We call the
corresponding vertex object R. It is the result of the fusion of elementary R-matrices.

The lattice is defined as in (1), but now n; = 0,...N; — 1. Let R »3 be the matrix
associated with the open cube (more precisely, the open parallelepiped):

I, =) =y oy

Rz = (01, 02, G3|m|01s 0y, 03) S E 1_[ (Ul,n» 02 n+e; s O’3,n|Rn|O'1,n+e] » 02 n, O’3,n+e3>- (43)
{o} n

Here the six external multi-spin variables (i.e. the indices of the matrix 9R|,3) are associated

with the six surfaces of the cube:

o1 = {o10mm } 02 = {02, Mooy } 73 = {03m,.m.0} nj=0,....,N; —1 (44)

and

6']/ = {O’];lern,n}} 82/ = {02:111,0,113} 6:%/ = {013%1,"2,1\’3} nj= 0,..., Nj -1
(45)

and the summation in (43) is taken with respect to all internal indices o ,. Anticipating what
will be needed in (62) in order to prove that the fused weights satisfy a MTE of the same form
as we had in (42), we use a reversed numbering for o, and 02/, so that the ‘initial’ external
indices are o7 = 0,0, = N,, 03 = 0. This reversed numbering in the second space is also
dictated by our choice of the line orientations in the lattice and, as a consequence of this, in
the auxiliary plane (see figure 4).
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YAA Y'Y
Vi
V3 VQ
ny =0
[ /7/7/\ [N /
n =2 7771 ooy XX
ne =0 ng=2 ng=0 ng=2

Figure 5. Ordering of the indices of the matrix $R;23, shown for the case Ny = Np = N3 = 3 by
drawing the auxiliary triangle in the auxiliary plane, as in the bottom part of figure 4.

In our next step we want to parametrize all R, in (43) such that the fused weight R
again satisfies a modified tetrahedron equation. We shall show that using a theta-function
parametrization this is possible and the 2R;;; obtained will depend on 6(N; + N, + N3) free
parameters.

We again use the generic algebraic curve I'y, and one vector v € C%. As in (30) each R,
will depend on three pairs of points on I',, and to each R,, we assign different three pairs:

X, . X, Y,.Y, . Z . Z, nj=0,...,N; — 1. (46)
However, the argument v will be shifted for each R,, by an amount I, which depends on the
points assigned to ‘previous’ neighbours: We define
R =R(v+In: X, .X,:Y..Y,:Z .Z,) nj=0,...,N; —1 (47)

ny’ “ny’ n3’

where
ni—1 X no,—1 v n3—1 7
=2 Lo+ D L+ I (48)
m1=0 my=0 m3=0
Now (43) and (47) define the matrix function
Rin(vV) =RWV; X', X; Y'Y, Z', Z) (49)
where X', X, Y', Y, Z', Z stand for the ordered lists of divisors,
X=(Xp. Xy,.... Xy, ) X' = (X0 X1 .. X ) Y = Yo, 11,...), etc.

(50)
As to the index structure, recall (9),
Rizs € End (VN @ V1N @ YN (51)

where in the same way as before we enumerate the number of Vi in the tensor product
(e.g., (43) are the matrix elements of Rj»3). In figure 5 we show the intersection lines of the
planes of a N; x N, x N3 cube which appear in an auxiliary plane (as in the bottom part of
figure 4), which intersects the ‘initial’ edges corresponding to (44). On the section the
Nj + N, + N3 planes become lines, and the edges of the cubic lattice become the intersection
points of Ny N, + N, N3 + N Nj lines in the auxiliary plane. The intersection points are gathered
into three sets V; = VM etc, and the index of V; is the number of the corresponding VeV
in the tensor product in (51). Figure 5 helps arrange the numbering in (48) and the correct
assignment of X;H , Xy, etc.
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3.2. The modified tetrahedron equation for the fused weights

For writing the MTE, apart from the three pairs of sets X', X; Y', Y; Z’, Z of (49) and (50)
we need a fourth pair

U= (Up,U,...,Uny-1) U' = (U Uf,....Uy_y).
Applying definition (43), in addition to (49) we construct the matrices

Rus(V) =Rwv; U,U; Y, Y, Z, Z)

Ross(V) =RWV; U, U; X', X;Z',Z)

NRiys6(V) =RV; U, U; X', X; Y, Y).
Their index structure is defined by

V) = YNl V, = YN V; = Vil

Y, = phols Vs = Yol Ve = VNN

so that, e.g., M4s is acting in a space of dimension NV2V3*NoNs+NoN2 For 9845 in analogy to
definitions (47) and (48) one uses

(52)

RU =R(V+1a; Uy, Ui Yo Yiss Zyo Ziy) (53)
with
n()fl U ngfl v’ Vlgfl 7
_ o s s
L= T+ L7+ ) 1) (54)
mo=0 my=0 m3=0

similarly for fRy46 and MRjse.

Theorem 2. The matrices R defined in (43) obey the modified tetrahedron equation
R123(V)R145 (V + Lx) Raa6 (V)R356(V + 12)

(55)
= pNR356(V)R246 (v + Iy)R1as (V)Ri13 (v + 1)
where
No=l Nl
=) 1" Ix=) 1/
no=0 n;=0
(56)
1\/271 % N3—1 7
=) 1" IL=) 1"
}12:0 113:0

Proof. The main content of this theorem is the appearance of the specific set of shifts (48) and
(56). For the proof it is convenient to introduce some compact notations. Instead of using the
number labels for the YR we shall use the labels U, X, Y, Z just as these were introduced in (36)
and (42) for the single vertex matrices R. So, for the box Ji-matrix and its sets of divisors we
write,

Rioz(v) = R4(v) Rias(v) = RV4(v) etc. (57)
In this short notation, formulae (43) and (47) imply the definition
v =[] I1 [[ R¥"™%s(v+Ly) (58)

I‘11=0']‘N171 Vlz:Nz*l\LO Vl3=OTN371
where we use ordered products

[T fu=Fofi fva [T fo=fw1fifo. (59)

n1=OTN171 I‘12=N271\L0
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For the triple (X, Y, Z), I, is given by (48). Each R*"1 V%5 acts non-trivially in only three of
all the spaces (52) and the ordering is relevant just for neighbouring indices X,,, or Y,,, or Z,,,.
The analogous modifications required to get the other matrices R 45, etc should be evident.

Now we turn to the proof of the theorem which will be by mathematical induction. The
theorem claims the validity of the MTE for arbitrary Ny, Ni, N», N3. For the initial point
No = N;y = N, = N3 = 1 the MTE holds because it is just (42). Then to prove the theorem,
we reduce the MTE (55) for some N; to MTEs with N;. < Nj. Thus one has four similar
steps of the induction. Here we consider the induction step for the X-direction; the other steps
follow analogously.

We split the list X into two sublists of length N 1(1) and N 1(2) =N —N 1(1):

XV = (Xo, X1, Xy ) X® = (Xyw, .., Xno1) (60)
a_
so that Iyo = Z:lvl‘:o ! Ix, and Iyo = Ix — Ixw. According to this splitting and due to
definition (58)
RYZ(v) = RXVZ )RV (v + Ixa)
%uxz(v) _ %UX(2>Z(V + IX<1>)9‘{UX“)Z(V) (61)

RUXY (v) = RUXY (v + T )RV ().

The meaning of the notation XV and X® used in (61) should be evident from (58). Observe
that because of the reverse numbering with respect to the middle superscript of ‘R in (58),
the factors in the latter two equations appear in reverse order. Since SRYY2(v) contains no X,
neither as subscript nor in the argument, it will not be split. However, we have to put

%UYZ(V+IX) = %UYZ(V+IX(1) +1Ixo).

Now substituting (61) into the LHS of (55) written in our new superscript notation, and
abbreviating vi = v + [yo), we get

mXYZ (V)mUYZ (V + IX)mUXZ (V)mUXY (V + IZ)
= R W)RZ (W + L) RIZ (W + Ly + Lxe)RXZ (v + Ixo)
y DQUX“)Z(V)SRUX(Z)Y(V +Iyo + IZ)D%UX(”Y(V +1z)
= mX"VZ(y) [mx‘zwz(vl)i}{uyz(vl +Ixe)RXPZ (v )R (v, + I,)]
x RXVZRY (v + 1)
= RZ )[R (v )R (v) + T RVZ (v )R (v + 1)
« %UX(I)Z(V)D‘{UX(”Y(V +1,)
— R (v )R (v, + 1)
x [RVZWRVZ (v + XDHYRXZw)RXY (v + 1) [ R (v + 1)
= R (v )R (v, +1y)
X [ WRXZ (v + TR WR 2 (v + 1) ] (v, + 1)
= R (v + L )RXY RV Z (v + I + I)R 2 (v + 1Iy)
x RUZWRX Y2 (v + 1) R Y2 (v + Ty + 1)

— R RV (y +1,)RVZ(WRZ (v + I)). (62)
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From the third to the fourth line of (62) within the inserted brackets we used the MTE for the
smaller set (U, X®, Y, Z). In order to isolate the terms containing X @ the order of factors
in the second line of (61), which was used in the first step, is crucial. Going from the fifth to
the sixth line in the brackets we used the MTE for (U, XV, ¥, Z). In the other steps of (62)
we just commuted or combined various terms. The last step is made possible by the ‘reverse’
order of factors in the last line of (61). O

4. Special cases: solving the tetrahedron equation

4.1. Compact algebraic curve

Now let Ng = Ny = N, = N3 = M. Starting from the generic parametrization of the MTE
(55), the usual tetrahedron equation is obtained if

RV) =R(Vv+]) and p =1 (63)
This is the case when
Iy=Iy=1y=1,=0 on Jac(T'y) (64)

and the ratios of 6-functions (25) are periodical.
According to Abel’s theorem, (64) means that there are four meromorphic functions
u, x,y,zonl, with the divisors

M-1 M-1
w=> U, -U, ) =>_ X, —X,,

no=0 n1=0

Mot o (65)
W=D Y,~Y  @Q=Y Z, ~Z,.

n,=0 n3=0

As is well known (see, e.g., theorem 10-23 of [20]), conditions (64) are a strong restriction for
the type of I'g: I, is the algebraic curve given by the polynomial equation

M
P, y)E > Xy pay =0. (66)
a,b=0

The choice of any pair of x, y, z, u produces an equivalent polynomial equation. The form of
the polynomial P (x, y) provides the restriction for the genus,

g < (M — 1) (67)

Thus we come to

Theorem 3. Let I'y be the compact algebraic curve defined by the polynomial equation (66).
Let four sets of U/ U,y» X;“, X, Y,;z, Y and Z' Z, = 0,...,M — 1, be the divisors

no’ ny n3’
of four meromorphic functions u, x, y, z on I'y. Then the tetrahedron equation is satisfied

Rioz(x, y, 2)Ruas(u, y, 2)Raa6(u, x, 2)R3s56(u, x, y) 68)
= Rase(u, x, Y)Re(u, x, 2)R1as(u, y, 2)R123(x, ¥, 2)

where four matrices are the same matrix function of different arguments,
Rx,y,2) =RWV; X', X;Y',Y;Z,27) etc (69)

defined via (43), (47), (49) and (65).
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According to the conventional terminology, one may say that u, x, y, z are the spectral
parameters, the moduli of I, are the moduli of the tetrahedron equation and vector v is a
kind of deformation parameter.

Theorem 3 may also be proved differently, without mentioning the simple MTE. In this
alternative approach one considers the auxiliary linear problem for the whole box and the
corresponding mappings. See, e.g., [21, 22] for the description of this method and [23] for
the parametrization of the classical equations of motion. Remarkably, in this alternative way
the spectral curve (66) appears naturally from the linear problem.

4.2. Simple tetrahedron equation for the ZBB case recovered

In section 1 we discussed the ZBB model and its R-matrix (7). We now show how our scheme
contains this case. Formally ZBB’s tetrahedron equation corresponds to (68) with M = 1. It
gives g = 0, i.e. the spectral curve is the sphere with

X-Y

VdX dy
Here the formal theta function has no argument since the Jacobian is zero-dimensional.
Conditions (64) therefore are out of use, and the parametrization (30) and (31) contains
the Nth roots of the cross-ratios such as % One may show that the number of
independent cross-ratios is the number of variables X, X', ... minus three. Therefore, the
single R-matrix contains 6 — 3 = 3 independent complex parameters (as it should), and
the simple tetrahedron equation contains 8 — 3 = 5 independent complex parameters (again
as it should). It means that the tetrahedral condition, which appears in Zamolodchikov’s
parametrization of R in terms of spherical triangles, is taken into account automatically.
Moreover, the parametrization with the help of the cross-ratios automatically takes into
account the geometric structure of any set of planes in three-dimensional Euclidean space.
The parametrization of the inhomogeneous Zamolodchikov—Bazhanov—Baxter model in terms
of cross-ratios corresponding to the g = 0 limit of (30), (31) and (47) has already been used
in [24].

EXX,Y) = o) =1. (70)

4.3. Chessboard model

Previously derived ‘chessboard models’ of the lattice statistical mechanics based on the
modified tetrahedron equation [10, 11] are of course related to our considerations. The
term ‘chessboard’ appeared as the visual interpretation of the cubic lattice with M = 2 being
homogeneous. It means that the cubic lattice consists of eight different types of vertices (i.e.
eight different types of Boltzmann weights)—a kind of three-dimensional analogue of the
chessboard with eight different colours of the cells.

The models described in [10, 11] are at first the so-called IRC-type models, but with the
help of vertex—IRC correspondence [8] one may construct their vertex reformulation. Thus
the model implicitly described in [11] is equivalent to M = 2, g = 1 of our scheme. For
g = 1 the curve and its Jacobian are isomorphic, so that without loss of generality one may
chose

Iy =X—-YeC/Z+Zr. (71
Further, one may use 6,

OW) =0;(v.7)= Y explirt(n+1/2)2+2ix(v+1/2)(n+1/2)] (72)

n=—oo
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as the basic theta function, and E(X,Y) ~ 6;(X — Y) as the prime form. These formulae
simplify definitions (25). Periodicity conditions (65) may be chosen
Xé)—Xo+X/1 — X =Y6—Y()+Y,1 —-Y :Z&—Z()+Z/l — 7 =U6—U()+U,1 U = 1. (73)
Note, the 1 in the right-hand side of (73) is equivalent to 7 (due to the Jacobi transform), while
0 instead of 1 in the right-hand side of (73) gives a trivial model.

The model explicitly described before in [10] corresponds to M = 2, ¢ = 1, X, = X,
X =X.Y,=Y,,Y, =Y, 2, = Z,, Z; = Z’ etc with the condition (73). This choice leads
to the identification of the parameters in (43)

Rn = Rn+e1+e2 = Rn+e1+e3 = Rn+e2+e3 (74)

so the cells of this three-dimensional chessboard have only two ‘colours’.
Note that the vertex—IRC duality is not exact because it changes the boundary conditions.

5. Conclusions

We considered a large class of integrable 3D lattice models which have Weyl variables at
Nth root of unity as dynamic variables. We have shown how the Boltzmann weights can be
conveniently parametrized in terms of Nth roots of theta functions on a Jacobian of a compact
Riemann surface. The Fermat relations of the points determining the Boltzmann weights
are simple Fay identities and the classical equations determining the scalar parameters are a
consequence of a double-Fay identity. In the modified tetrahedron equation we have four pairs
of arbitrary points on the Riemann surface in simple permuted combinations.

This parametrization allows a compact formulation of the rules to form fused Boltzmann
weights R € End C*VM * which are the partition functions of open boxes of arbitrary size. The
R obey the modified tetrahedron equation and are again parametrized terms on Nth roots of
theta functions on the Jacobian of a genus g = (M — 1)? compact Riemann surface Ig. The
spectral parameters of the vertex weight R are three meromorphic functions on the spectral
curve I'y. For the case that the Jacobi transforms become trivial the R obey the simple
tetrahedron equation. The Zamolodchikov—Baxter—Bazhanov model and the chessboard
model are obtained as special cases.

So, the scheme discussed here contains and generalizes many known 3D integrable
models. The hope is that the framework is now sufficiently general to contain physically
interesting models with a non-trivial phase structure. However, to get information on partition
functions, either analytically or approximately, is still a very difficult open problem. There is
no way known to generalize Baxter’s special method [26] by which he obtained the partition
function of the ZBB model.
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